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Abstract. This report is devoted to the proof of the global convergence and asymptotic
quadratic convergence of the serial and parallel two-sided block-Jacobi SVD algorithm. In the
serial case, one pair of the off-diagonal blocks with the largest weight given as the sum of
squares of Frobenius norms is annihilated. In the parallel case, using the greedy implementa-
tion of dynamic ordering and having p processors, p pairs of the off-diagonal blocks with largest
weights and disjunct block row and column indices are annihilated in each parallel iteration step.

1 Serial two-sided SVD algorithm

It is assumed in this report that the singular value decomposition is computed for a square
matrix. Hence, when the original matrix is of size m x n, m > n, compute first its QR
decomposition and then apply the SVD algorithm to the n x n factor R.

Let us divide a square matrix A of order n into a w X w block structure with w blocks in each
block row (column). Denote by A;; the (I, J)th block of size ¢ x ¢, ¢ = n/w. Hence, there are
w(w — 1) off-diagonal blocks in A.

Let us assume that, at the initialization step, all diagonal blocks of A were diagonalized by a
series of unitary, two-sided transformations. Diagonal blocks remain then diagonal during the
whole computation.

In the kth step of the two-sided serial block-Jacobi SVD method, let us define weights for
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off-diagonal blocks with symmetric block indices (1, J) and (J, 1), I # J, by

wiy = [AGNE + 1A 17 (1)

To optimally reduce the off-diagonal Frobenius norm, the pair of off-diagonal blocks with the
maximal weight will be eliminated. Let these off-diagonal blocks have block indices (Xj, Y)
and (Yk,Xk), i.e

w® . = maxw!®.
X1 Y5 g g

Notice that, contrary to the EVD of Hermitian matrices, choosing two off-diagonal blocks with
maximal weight for annihilation is not equivalent to choosing the off-diagonal block Ag?Tk with

the largest Frobenius norm together with the block Agz )Sk' In fact, one can easily have

(k) (k)

so that the off-diagonal block with the largest Frobenius norm is not eliminated.
The annihilation is performed by a two-sided unitary transformation
(URYH AR ) = gU+1)

where the n x n unitary matrices U®) and V*) are the matrices of local left and right singular
vectors, respectively, embedded into the identity matrix I,, of size n. Four blocks of U®) and
V) each of size ¢, that are different from blocks of I,, can be chosen so that

k kK \H k k k k k+1
ot o) () (B ) (B 2. e
= |
Uy.x, Uny Avix. Aviv Wxe Vwn 0 Avv,
whereby the diagonal blocks A(lCJrl and Agi ;i) are square, diagonal matrices of order ¢ with

non-negative diagonal elements (local singular values).

Let us define

K ®
g® = [(Uxxe Uxwv) g
- U(k) U(k) ’
Y X, Y}, Ya

k) k k+1
A — A( Yoxe A (k) — A, 0 4
Yka Y. Y Yi Y

Since Eq. (2) is essentially the SVD of the matrix A®, the matrix U®) and V® is the unitary
matrix of left and right singular vectors of A®) respectively.

(k) (k)
(e ) ’

k

and

To prove the global convergence of the parallel two-sided block-Jacobi SVD method, let us
define the square of the off-diagonal Frobenius norm of A®) by

loff(AB)IF = D~ AT 13- ()

I#£J



Then:
k k
off (AT 2 = [loff (A2 — (| ALy 1% + AL [12)

(1 sy ) oA

IN

Here we used the bound
w(w — 1)

Joff(A®)|J3 < 2

k k
(AR % + 148, 7):
Hence, [[off(A®)||2 decreases at least as fast as the geometric sequence with the quotient
(W —=1)/W, W =w(w — 1)/2, and therefore converges to zero. Note that this proof does not
depend on the distribution of singular values of A.

The singular values of A i.e., the diagonal elements of the diagonal matrix fl(k“), can be

computed and located on the diagonal in any order. An important variant of the local SVD is
that with ordered singular values (e.g., non-increasingly) on the diagonal of A**1. This can
be achieved in O(£?) steps using a suitable permutation matrix IT%*):

AW = ) Ak () H
_ (Uac)(n(k))H) (H(k) A(kﬂ)(H(k))H) (f/(k’)(ﬂ(k))H)

This variant of the SVD of a 2 x 2 block subproblem will be called the local ordering of diagonal
elements (LODE).

H

1.1 Asymptotic quadratic convergence

Using these preliminaries, we investigate the asymptotic convergence property of the serial two-
sided block-Jacobi SVD method in a general setting when no a prior: assumptions about the
distribution of singular values of A are made.

In the following, we sometimes drop the superscript (k) when there is no reason for misunder-
standing. In that case, we use quantities with hat (like A) to denote them at the (k + 1)th
step.

First lemma is an obvious modification of Lemma 1 in [6]. It is devoted to the change of the
Frobenius norm of a non-eliminated off-diagonal block in a given iteration step. Notice that one
iteration step changes only two block rows and two block columns X, Y. The lemma considers
the block row and block column X. The situation for the block row and column Y is similar.

Lemma 1 Let Agr be the off-diagonal block with the largest Frobenius norm. Consider the
change of an off-diagonal block Ax; (J # X,Y ) after elimination of Axy:

Ax;=UH Ax; +UE Ay y. (6)

Similarly, consider the change of an off-diagonal block A;x (J # X,Y ) after elimination of
AYX N )
Ajx = AsxVxx + Ay Vyx. (7)
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< (|Cllx/3 for some

Let C = (Axy,Ayx). If (UYX) of size 20 x { is bounded as
2

&
Wx

||ASTHF

constant & > 0, then the following inequalities hold:

”AST“F

ICE +2

‘HAXJH% — [ Axsl%| < ICFll Ax|lF, (8)

A
” ST“FHCHFHAJxHF )

[1Asx 3 = 1413 <

||AST||
—LClF +2
Proof: Since

IClF

Uy x
Wx 5

and both transformations in Eqgs. (6) and (7) are one-sided by corresponding blocks of 2 x 2 block
unitary matrices of local left and right singular vectors, respectively, the changes of Frobenius
norms can be bounded using the same technique as in the proof of Lemma 1 of [6]:

max{||Uyx||2, [|[Vyx |2} <

2

| Ax sz — | Ax|I7
< NUyx |3 max {||[Axs |7, | Ay sz} + 2[[Axs || 2 |Uy x |2l Ay |l ¢

[ Asr || | Aszlr
< —F||C||F+2 5 ICIFIAx sl
Similar approach is valid also for Eq. (9). a

Next theorem contains our main result—the proof of the asymptotic quadratic convergence
after W = w(w — 1)/2 steps of the serial two-sided block-Jacobi SVD algorithm. Its proof is
almost identical to the proof of Theorem 1 in [6] and only minor adjustments are needed.

Theorem 1 Consider one sweep (W = w(w — 1)/2 eliminations) of the block-Jacobi method.
Without loss of generality, denote the iteration steps by k =0,1,..., W —1 and the op‘—diagonal
blocks chosen at step k for annihilation as AS?ZY;C and AgZ)Xk. Let C (k) = (Ag(zyk, A;Z)Xk), and

let Agz)Tk be the off-diagonal block with the maximal Frobenius norm at iteration step k. If all

. k) . ‘ )
matrices ( 5(/%@ used at iteration steps k =0,1,..., W —1 satisfy Y’ﬁ(’“ < ||CW||g/6
Yi Xk VYka 9
for some constant 6 > 0, then
— 2 [ 2]|off(A@) |12\

i.e., the block-Jacobi SVD algorithm converges quadratically after every sweep W.

Proof: We show that for each £k = 0,1,...,W, there exists a symmetric index set P, =
{(1,J),(J,I)|I # J} such that |Py| = 2k and

_w—2 (2]off(AD) |} — 2]joff(AM)|3 ?




Note that when k = W, the left-hand side becomes |[off(A("))||%, and the right-hand side is
smaller than the right-hand side of Eq. (10). So it is sufficient to prove Eq. (11) instead of
Eq. (10). Eq. (11) will be proved by induction. When k& = 0, it holds trivially because both
sides are zero. We assume that Eq. (11) holds for some k (0 < k < W) and show that it also
holds for £ + 1.

Let us choose the 2k off-diagonal blocks of A®*) that give k smallest weights, which are computed
according to Eq. (1). Denote their index set by P;. It follows from the definition of weights that
the set P;, is symmetric, i.e., if (I, J) € Py, then (J,I) € P}, and (X, Ys) ¢ P;. Notice that
Eq. (11) holds also for P;. Now, let P11 = P U{(Xy, Yi), (Yi, Xi)}. Then Pjyq is symmetric,
|Prs1] = 2(k + 1) and the left-hand side of Eq. (11) for £ 4+ 1 can be computed as

k 1 k 1 k 1 k 1
S 1AEI I = > JIABIE + IAS R + 1A%
(I,J)EPk+1 (I, J)E’P’

(k+1) k
< Y AR Y 1Al - 1Bz,

(I,J)ePy, (I,J)eQk
where the symmetric index set Q; C Py, is defined as

Qk = {(Xk7 J)7 (J7 Xk)’(X/ﬁ J) € ,Pllw (ka J) @é Pllc}
U{(Ye, J), (1. Yi)|(Ye, J) € Py (X, J) € Pp}

To derive the second inequality in Eq. (12), we used the fact that both Ag?:;k) and A§£j€ }1}3 become

zero due to elimination. We also used the fact that when (1, J) € P;\Qy, either Ag’f,) is not
affected by the elimination, or both (X, J) and (Y, J) (or (J, Xx) and (J,Yy)) belong to P,
and therefore the sum of squares of the Frobenius norms of these two blocks is not changed
after elimination. Hence, the change of A([kj) contributes to the change of 3, ;, ep! ||A§kJ) ||% only

when (1, J) € Q.

Now we evaluate the second term of Eq. (12). Let us consider the case of I = X, and J # X, Y%.
From the assumption HUi(/]Z)XkH? < ||IC™ ||/ and Lemma 1,

(k)
(k+1) [ Ag 7, I 1A s 'l
1A% I — AR 1% < — 5 ICPE + 2= 20O Al (13)
Other cases can be treated in similar way (using also ||V)§ Y2 < IC®||p/6). Noting that

|Qk| < 2w — 4 (since only one of (X, J) and (Yy, J) (or (J, Xk) and (J,Y))) can belong to Qy),
we have

Yo AR < V2w = v

(I,J)eQ (I,J)eQ
k k (14)
(1, J)eP’

where we used the Cauchy-Schwarz inequality in the first inequality and Qy C P, in the second



inequality. By combining Eqs. (13) and (14), we can evaluate the second term of Eq. (12) as

> MAMHF—HAm o9 1A, IOV
- 2
(I,J)EQk 0

5 F

(I,J)ePy,

Inserting this upper bound into Eq. (12), and using the estimate

k " -
”A(Sk)TkHF < \/HAg(Zqu% + HAg/k)ka% — P[5

one finally gets:

oo
S Al < N DI

(I,J)EPk+1 (I,J)eP,
V20 —[[COI3 | vow =4 (2joff(AV)|[} — 2[off (A®) F) )
- ) 26
w — 2 (2||off<A<°>>||% —2||off(A(’“+”>H%)2
2 )

Here we used Eq. (11) in the second inequality, which is valid also for P, since by its construc-

tion:
STo1ARIE < > 11ANIE.

(I,J)ePy, (I,J)EPy

The last equality comes from
2/joff(A®HD) |7 = 2[Joff (AW)[|F — 2 CW| 7.

The final upper bound shows that Eq. (11) holds also for £+ 1 and this completes the proof.0

1.2 Well-separated singular values
Now we identify the constant § for well-separated singular values. Let A be a square matrix of
order n with ¢ different singular values:

0-1:.”:0-81 >O—81+1:'..:O-82 > >O‘8q_1+1:”':08qv

where n; = s5; — 5,1, 1 <@ < g, is the multiplicity of o,, (defining sy = 0 and s, = n). Let the
gap d be defined as

d = min |o,, — oy,|. (15)
i#j
Writing
AR = diag(A®) 4 off(AK)), (16)

we can make following assumptions at some iteration step k:

6



A1 The off-diagonal Frobenius norm of A% is small enough:

d
loff (A e = [> 1A% < 7. (17)
I#J

A2 The main diagonal of A% is ordered (e.g., non-increasingly) by suitable row and column
permutations so that the diagonal elements of A% affiliated with the same multiple
singular value occupy successive positions on the diagonal.

A3 The partition of A®) is such that the diagonal elements affiliated with the same multiple
singular value are confined to one diagonal block. O

When d = 0, Eq. (17) gives ||off(A®)||z = 0 and, consequently, A®*) = 5,1, so that the matrix
is already diagonal. Therefore we assume ¢ > 1.

Since all transformations are unitary, the singular values of A are the same as those of A%,
But then, according to Eq. (16), off(A*)) is a perturbation of diag(A®*)), and it is bounded
in the Frobenius norm by d/4 because of A1l. According to the Hoffman-Wielandt theorem
[5, 7], which is valid also for singular values, for each i, 1 < ¢ < ¢, there are exactly n; diagonal
elements of A®) that lie around oy, in the circle of radius less than d/4. Recall that according
to the assumption A2 these diagonal elements occupy successive positions on the diagonal, i.e.

—~(k
they form clusters C’ZE ), 1 <4 < q. Note that, at iteration step k, two different clusters are
separated at least by d/2.

Now we show that these clusters are stabilized, i.e., a diagonal element that lies in the circle
around o, can not ‘jump’ into a circle around o, for j # i.

—~(k
Lemma 2 Under assumptions A1-A3, let a cluster C’li ), 1 < i < q, lie inside the diagonal
block A,Sf) for some fized t, 1 < t < w. Assume that the algorithm uses the LODE in each

iteration step. Then, for all iteration steps r, r > k, n; elements of /C’\lir) oCCuUpy SUCCESSIve Po-
sitions on the diagonal inside the same diagonal block Aﬁ?. Consequently, the distance between
any two different clusters remains at least d/2.

Proof: The proof is identical to that of Lemma 2 in [6]. O

The stabilization of clusters of diagonal elements means that the diagonal elements of A
and AC+D) approximate the same singular values of A with the same number of corresponding
diagonal elements for r > k. Moreover, due to the LODE, the diagonal elements of both A
and ACTD are ordered in the same way, e.g. non-increasingly.

Finally, next lemma gives the value of constant 9.
Lemma 3 In the case of well-separated singular values (simple and/or multiple) of A, under

assumptions A1-A3 above and using the LODE, the constant 6 in Theorem 1 can be set to
§ = /2d/4 where d is the gap defined by Eq. (15).



Proof: Let us analyze one iteration step r — r + 1, » > k. Recall that the 2 x 2 block
subproblem from Eq. (2) has the form:

r r r r r r r+1
A () (0 ) (40
AYX AYY VYX VYY UYX UYY 0 AYY

Applying the Hermitian operator, using the fact that both U" and V() are unitary (see

Eq. (3)), and noting that the diagonal blocks AXX, Ag:g/, A;}l and A@T’ are diagonal and
real, one gets the additional relation

r r)H r r T r r41
5 40 (0% 18) - () (400,
AXY AYY UYX UY VYX VYY 0 AYY

Now take the equations for the block (2,1) from both relations:

~

r r r r+1 r r
ANV = U AT = ARV,
r r 'r+1 rYH r
AR UL, v AC = —AQAyD)

(r)
This system can be written as the Sylvester equation [3] for ({[i)(/’"))( ):
YX

0 AV (U (O 4o AV VY
A0 o ) v | T e AT = e ) (18)

YY YX YX xy Uxx
Notice that the blocks AYY and A r+ ) are diagonal and their eigenvalues are diagonal elements,
which are all non-negative. Hence the spectrum of the first matrix on the left-hand side of
0 A}

AT 0

each diagonal element is present with the plus and mlnus 81gn Recall that according to the
construction of matrix partition, the eigenvalues of A vy and Ay TH) approximate different sin-

gular values of A. Using Lemma 2, the spectra of E™ and Ag} )

Eq. (18), denoted by E™ = , consists of diagonal elements of AQ,, whereby

are disjoint, and the entire

spectrum of Ag;l) lies, on the real axis, either to the right of the entire spectrum of E), or

between its positive and negative part. Thus the distance between the spectra of E( and
A(Xr}l) is at least d/2. Therefore, we can apply the Davis-Kahan lemma [1] stating that the
(r)

Sylvester equation (18) has the unique solution (gl(/f)( and its spectral norm is bounded by
YX

)| = 2] ()] -2l ) (8
Wx /1, d AXY XX d 0 Axy Uxx /) ||,
< 2 Ak <O>H V)(((%
d 0 AXY ~\Uxx /|,

= Zlewle | (
U§<X

8




However,

()

rVH yr(r)H V rVHy -(r r)VH yr(r

(VXTURX") (U){?) = VAV + URK URK e
XX 2

rVH r rVH r
< VOV + 1USH UG < 2,

i
VYX

Hence, § = v/2d /4 and the asymptotic quadratic convergence proved in Theorem 1 is ensured. O

so that
2V2
< 4 17| p.

2

1.3 Clusters of singular values

If A has singular values that can be divided into one or more tight clusters, the quantity d in
Eq. (15) can be tiny. Then the assumption A1 in subsection 1.2 becomes useless in practice
because it requires that ||off(A®)||r is even smaller than d. For such a situation, Hari [4]
suggested to use another spectral gap d. which can be much larger than d.

Let us group the singular values of A into ¢ sets of very close ones (clusters):
Cli:{o—si,1+17-'-70—si}7 1§Z§q,

where s9 =0, s, = n. As above, n, = s; — s;_; > 1 is the number of eigenvalues inside the ith
cluster Cl;. For each cluster, define its average value,

Ci = — E Osi_1+j
n; <
J=1

and assume that ¢;’s are ordered decreasingly, ¢; > co > ... > ¢.
Let A= UXV! be the SVD of A and write
Y =%.+Xp, where X.=diag(ci,...,c1,...,¢q.-.,Cq)
with ¢;, 1 <i < ¢, repeated n; times. Then
A=A+ E, A.=ULVHE E=USpV"

A, has multiple singular values ¢;, 1 <17 < ¢, and || F||p is tiny for tight clusters. In particular,
I|E||2 is the half-width of the largest cluster and (see [4])

q g
1EIr = | D) o s — ail®

i=1 j=1



As in [4], let us define AP and E® for k > 1 by
AGHD = (VH AR E) D) = (70 Ry 6

where AY = A., E® = E. Then A® = AY + E® and since a two-sided unitary transfor-
mation does not change the Frobenius norm of a matrix, |[E®||r = || E||r, k> 1.

Let us define the gap for clusters by

dczrgéin]ci—cj], 1<4,j<gq. (19)
i#]

Now we formulate asymptotic assumptions for the case of clusters of singular values at the
iteration step k.

B1 [[off(A®)||r and ||E®||p = ||E||r are small quantities:

de

de
loff(A™)lr < 25 IEDr < 3

8
B2 The main diagonal of A®) is ordered (e.g., non-increasingly) by suitable row and column

permutations so that the diagonal elements of A®) affiliated with the cluster of singular
values Cl;, 1 < i < ¢, occupy successive positions on the diagonal and can be grouped

—~(k
into the cluster C’ZE ), 1<i<q.

B3 The partition of A® is such that the diagonal elements affiliated with the same cluster
Cl; of singular values are confined to one diagonal block. a

Note that the assumption ||[E® || < d./8 is essentially the assumption about the tightness of
clusters of A’s singular values.

Since |[E®) ||, < [|[E®||r, B1 implies

d d
CliC(Ci——cC—i‘ -

8’ 8) t=d

—~(k
Our aim is to show that the clusters C’li ), 1 <i < g, of diagonal elements of A®) are stabilized.
The approach is similar to that of subsection 1.2.

—~(k
Lemma 4 Under assumptions B1-B3, let a cluster C’li ), 1 < i < gq, lie inside the diagonal
block Aﬁf) for some fized t, 1 <t < w. Assume that the algorithm uses the LODE in each

iteration step. Then, for all iteration steps r, r > k, n; elements of /CTZZ(-T) occupy successive po-

sitions on the diagonal inside the same diagonal block Aij;). Consequently, the distance between
any two different clusters remains at least d./2.

Proof: The proof is identical to that of Lemma 4 in [6]. O

Finally, the value of the constant § can be identified.

10



Lemma 5 For clusters of singular values of A, under assumptions B1-B3 above and using the
LODE, the constant 6 in Theorem 1 can be set to § = \/2d./4 where d, is the gap for clusters
defined by Eq. (19).

Proof: Repeating the proof of Lemma 3, albeit working with ¢; and ¢; instead of o, and
0s;, respectively, we get the value d./2 for the lower bound of distance between spectra of
corresponding two diagonal blocks in the Sylvester equation (18). Then repeat the remaining
estimates of Lemma 3. a

2 Parallel two-sided SVD algorithm

Let us divide a square matrix A of order n into a w x w block structure using the blocking
factor w = 2p, w > 4, where p is the number of processors. Thus, w denotes the number of
blocks in each block row (column) and each block has size ¢ x ¢ where £ = n/(2p). Usually, each
processor contains 2 block columns or 2 block rows, but the exact data layout is not significant
for the following discussion at all.

At the beginning of a parallel iteration step k, 2p off-diagonal blocks of A®) with block indices
(X, Yo )y (Yoo, Xia)s - o oy (X Yay)s (Yay, Xi, ), Xk, < Yy, for all i, are eliminated using the
greedy implementation of parallel dynamic ordering (GIPDO). It is appropriate here to briefly
recall how the GIPDO works. The pairs of off-diagonal blocks are ordered decreasingly with

respect to their weights wy}) measured by the sum of squares of their Frobenius norms,

wIJ ||AIJ 17+ HA H2F7 I#J.

After choosing the first pair, additional p — 1 pairs are chosen for annihilation with a decreasing
weight in a compatible way—i.e., each new pair must have its block-row and block-column
indices different from all already chosen blocks. This ensures the selection of p 2 x 2 block
subproblems that can be solved in parallel.

After the GIPDO is computed, p chosen pairs together with corresponding diagonal blocks are
met in p processors (one pair per processor), and p 2 X 2-block SVD subproblems are computed
in parallel. At parallel iteration step k, the processor i, 1 < i < p, solves the local subproblem
of size 20 x 2/,

k k H k k) (k) (k)
U)((k),ixk,i U)((k),iyk,i Ag(ilem Ag(kzykv VX(k,)z‘Xk,i V)§k>iyk,i
k k k k k k
Uék)sz U3(’k)zYkz Ag/k)zxkz Ag/k)zyk,i VYkiXk,i VYk,iYk,i
k+1
(A, 0
- k+1 )
0 A,

where the diagonal blocks A and Af +; are square, diagonal matrices of order ¢, because
all diagonal blocks are dlagonal after the first parallel iteration step and remain so during the
whole computation.

k+1)

11



Notice that the matrix
y® y®
U(k) — Xk, i Xk, Xk, i Y
ki — (k)

Yi,iXk,i Yi, iV

(k)

is the unitary matrix of left singular vectors, and
Y, i Xbe,i Yk,iYk,i)

V(k) V(k)
k) _ Xp,i Xk, Xk, Vi,
Vk(,z‘) = ( (]123 k, ki Yk,

is the unitary matrix of right singular vectors. The diagonal matrix

(k+1)
) = A X (k+1
’ 0 AYk ZYk ,

contains singular values of the matrix

The singular values in any 2 x 2 block subproblem and in any processor i.e., the elements of
Z,(“, can be computed and located on the diagonal in any order. An 1mp0rtant variant of the
local SVD is that with ordered singular values (non-increasingly or non-decreasingly).
variant of the SVD of a 2 x 2 block subproblem will be called the local ordering of diagonal

elements (LODE); see also [6].

The proof of global convergence is very similar to the serial case. Since

w(w — 1) "
Joff(AM) 12 < LAY 1B+ 1A«

B F
one has
off(A*T)[1Z = |loff(A®)|13 — Z(HAX,“Y,“ +[|AS Y,“X,“
=1
< Joff (A7 — (||AXk1Yk1||F+HAYlekl“F)
<

(1 sy ) oA

2.1 Update of an off-diagonal block

Suppose that in a given parallel iteration step k (its index is omitted here) the off-diagonal
blocks Ax,y, and Ay,x, were chosen for annihilation by GIPDO. Our first step is to derive an
upper bound for the change of the squared Frobenius norm of an arbitrary block that is not
eliminated at parallel step k. Such a block can be written as Ax,x;, Ax,y;, Ay,x; or Ayy;,

where @ # j.

12

2

),

2
F

)



Let us consider the update of block rows X; and Y;. We need to evaluate the update of two
off-diagonal blocks which will be combined in the subsequent update of two block columns:

AXiYJ’ = U)IéXiAXin + U}I}IXZAYZY] (20)

Secondly, the update of two block columns X, Y; follows from Eq. (20):
AXZ'X]' = AXZ'XJ'VX]'XJ' + AX’L}/]VY]XJ
= U)Ig;XiAXin VXij + U}I/inAYin VXij
FUXxAxy; Vi, + Ui Aviy Vi x;

In the following lemma, we bound the change of Ax,x;, but the same bound is applicable to
other three cases as well.

Lemma 6 Consider the change of an off-diagonal block Ax,x,; that was not eliminated in a
giwen parallel iteration step k. Denote the changed block by AXZ.XJ., and let C; = (Ax,v;, Av,x;)-
Additionally, let Asr be the off-diagonal block with the largest Frobenius norm, |Agsr|lr =

(‘U/”> < |Cill#/6 for1 <i<p,
Y; X;

2
A A 2
2~ s 3] < Y2TUE Ly vyie + 2+ vl 3 )

62
| Ast|| F
2—
B

maxyzy ||Arsl|p. If there exists a constant > 0 such that

then the following inequality holds:

(IlCillr + V2ICilr) IAx e (21)

Proof: Using the triangle inequality, we can bound the left-hand side of Eq. (21) as
A, 1 = NAxo 1] < (1A 5 = 1Axo IF | + (1A 1 = 1Axog I (22)

Using Eq. (20), the first term in the right-hand side can be bounded using the same technique
as in the proof of Lemma 1 of [6] as

\Mxixju% ~ A 3]
w1 Ay 17} 4 20 Axox e 1 Ovix, 2l Avix; e

2 g lAsrlle [ ST“F 1C Ao, - (23)

Similarly, the second term can be bounded as
| 13 = A 17|
< [V x, 113 maX{HAXin 7 1 Ax., va} + 2[| A, 1o Vi x; 2l Ay N e (24)

To bound the right-hand side, we need to evaluate |Ax, x,|lr and HAXinH r. Using again
Eq. (20), we have

IAx.x,lF < | Axx,l|lF+ | selliy

[Asz][r- (25)

< JAxxllr+——
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On the other hand, since the transformation is unitary, we have

1Ax.x, |5+ | Avix, |13 = [ Axx, |5 + [ Avix, |3
which leads to .
1Ax.x, 1% < 1 Axox, 17 + 1 Avix, |7 < 2]l Asr]|3- (26)

Similarly, )
IAxy; 17 < 1Axy; I1E + 1Ay, 7 < 2] AsrllE- (27)

Putting Eqs. (26) and (27) into the first term of Eq. (24) and putting Eq. (25) and (27) into
the second term of Eq. (24) gives

1A, 1 = 1Ax,x, I3

< 1SIE aacri +2 (s e+ 1202 ageie ) - LD0E - B acre
=2 Wtk (o2 1 vaariee) + 2va e o e
<Al o+ va (I + 10)1))

sy A oo s 9)

where we used 2ab < a® 4+ b? in the last inequality. Substituting Eqgs. (23) and (28) into (22)
leads to

N A 2
Ao 3~ x| < P20 L0 Byos + @+ vl I3

A

which completes the proof. O

2.2 Asymptotic quadratic convergence

Using Lemma 6, we derive a quadratic convergence bound for the parallel block Jacobi SVD
algorithm with GIPDO.

Theorem 2 Consider the parallel two-sided block-Jacobi SVD algorithm with GIPDO wusing
the blocking factor w = 2p. Without loss of generality, denote the parallel ztemtzon steéns by k =
0,1,..., and the off-diagonal blocks chosen for elimination at step k by Axk Wi AYk X1
Ag];g’pyk’p, A%?pxk’p, where Axk,lyk,l and AYk’le’1 are the off-diagonal blocks that give the largest
weight. Let Ag?Tk be the off-diagonal block with the largest Frobenius norm. Additionally, let

C’,EIZ.) = (AQ’Z_YM,A@JXM), 1 <i<p, and let Qyy, { even, be the index set of the £/2 pairs of
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off-diagonal blocks with smallest weights at step k (notice that they are chosen in a symmetric
way—i.e., if (I,J) € Qkye, then (J,I) € Qiy). Define the index set Py recursively as follows:

7)0 - (Z)a
Prr1 = Quype YL X1, Yer)s Ve, Xia)s s (Xieps Yip)s Yeps Xip) b (29)

where |Py| denotes the number of elements in Py. Then there exists a step W, w —1 < W <
w(w —2)/2+ 1, for which Py equals the set of indices of all off-diagonal blocks. Furthermore,

k
Ui(/k))szL

k
Vékzxkz

o 0)\]12 \ 2
JofE (A2 < 8(w — 2) (M) , (30)

< |CH) |1 /8 holds for all

2

suppose that there ezists a constant 6 > 0 such that

1<i<pandk=0,1,..., W —1. Then,

0

that is, the parallel two-sided block-Jacobi SVD algorithm with the GIPDO converges quadrati-
cally after W iterations.

Proof: We first show the existence of W. From the definition, P; = {(Xo.1, Y01), (Yo1, Xo0.1),
ooy (Xops Yop), Yo, Xop)}, so [Pi| = 2p = w. Assume that |Py| < w(w — 1), the number of
off-diagonal blocks, for some k£ > 1. Then, actually P, < w(w — 1) — 2 because Py has even
number of elements by construction. This means that (Xj 1, Y1) and (Yy 1, Xi1), which are
the indices of off-diagonal blocks with the largest weight, do not belong to Qy p,|. Thus, Pjq
has at least two more elements than Qy p,| and [Pyi1| > |Qp,p,| + 2 = |Pi| + 2. On the other
hand, it is clear from Eq. (29) that [Pri1| < |Qppy| + 20 = |Pi| + 2p. Hence, the increase
in the number of elements of P, at each step is between 2 and 2p. In the worst case scenario,
the increase at each step is constantly 2, so |P| =2p + 2(k — 1) for £k = 1,2,.... In this case,
|Pr| = w(w — 1) is reached at step k = w(w — 2)/2 4 1. In the best case scenario, in which

ka,rPk\ N {(Xk,h Yk,l)) (Yk,h Xk,l)) ey (Xk,pa Y}c,p)a (Y}c,pa Xk,p)} = Q)

holds at every step, |P;| = 2kp for k = 1,2,.... In this case, |Pg| = w(w — 1) is reached at step
k = w — 1. Other cases are in between.

To prove Eq. (30), we show an alternative inequality

2 ||A§’?II%S<—2+2\/§>2(w—2) (QHOff(A(O))H%—2||off(A(’“))H%)2 (31)

(I,J)ePy 0

for k = 0,1,...,W. Note that when k = W, the left-hand side becomes ||off(AM))||2., while
the right-hand side is smaller than the right-hand side of Eq. (30). So Eq. (30) follows directly
from Eq. (31). We prove Eq. (31) by induction. When k& = 0, both sides are zero, so the
inequality holds trivially. We assume that Eq. (31) holds for some k& < W and show that it also
holds for k£ + 1. In the following, we omit the superscript (k) for the parallel iteration step and
denote the quantities at step k£ and k + 1 by symbols without and with a hat, respectively. We
also write C’,g;.), Xy, and Yy ; as C;, X; and Y], respectively.

Let us define the index set Pj, by
Pllc = Qk,\PM\ {<X17 Yi)? ()/17X1)7 BRI (Xpu }/P)v (}/Pv Xp)} : (32>
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Then, the left-hand side of Eq. (31) at parallel step k£ 4+ 1 can be evaluated as follows:

Yo lAlE = D0 IlAulE )
(I,J)EPit1 (1,J)eP;, =
< > AulE+ > (1Al - 143, (33)
(I,J)eP;, (I,J)eP;,

2 = || Ay.x,|2 =0 for 1 <i < p.

Let (I,J) € P}, be fixed. Since {X1,Y1,...,X,,Y,} is a permutation of {1,2,...,2p}, for each
I, there exists exactly one index ¢ (1 < § p) such that [ = X; or I =Y. We denote such 1
by 7(I). Using the same mapping 7, we can denote the index j (1 < j < p) such that J = X
or J =Y, by w(J). Then, the off-diagonal block A;; is updated by a block rotation specified
by (X1, Yz(r)) from the left and by another block rotation specified by (Xx(s), Yr(s)) from the
right. Note that w(I) # m(J), because Ay is not a block chosen for elimination. Hence, we
have from Eq. (21),

; | Asz||
1AL F = 1A% < 2—? L (Cm e + V2 Can )| A 7
||AST||% \/‘ 2 \/_ 2
+ A+ VRl + 2+ VDGl (34

Now, consider the sum of ||Cr(p||% over Pj. Since Py, C {(I,J)|1 < I,J < 2p, n(I) # =(J)},
we can bound it by a sum over the set {(I,J)|1 < I,J < 2p, n(I) # w(J)}. Furthermore,
there exist exactly two values of I such that 7w(I) = i for each i and exactly two values of .J
such that w(J) = j for each j. Hence, we can rewrite the sum over the set {(/,J) |1 < I,J <
2p, w(I) # m(J)} as a sum over the set {(7,7)|1 <4,j <p, i # j} multiplied by 4. Thus,

> lCwlE < Z Z ICx I
I=1 J=1

(1.1)EP; (1) ()

p p
= 422 HQH%

i=1 j=1
J#i

— 4p-1) ZHOHF=2 -2) ZHCHF. (35)

Similarly,

> NCxmlIE < 2(w—2) ZHCHF (36)

(I,J)ePy,
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Using these results, we can now bound the second term in the right-hand side of Eq. (33). By
inserting Eq. (34) into Eq. (33), we have

S Al — 1Az

(I,J)ePy,
| Asrllr
=5 > @ICwllr +2V2 I Con ) ALsl
(I,J)eP;,
| A
Ml S~ L0 v + e vaIC )
(I,J)ePy,
| Ast|lF
=5 |2 SolCaolE+2v2 [ Y Cx % > ALz
(I,J)eP;, (I,J)eP;, (I,J)eP;,

A 2
2l Y Ve Y Gl @evD) Y Il

(I,J)eP, (I,J)EP,

INA
SR

p p
DG 4+ 2v2)Vw =2, > IGIE | D ALl
i=1 i=1

(I,J)eP,

(ZHOHF) (6 +4v/2)(w (ZHOHF)
RpCAS PLIR (ZHCHF> S Al

(I,J)eP;,

L@y f (Z e? HF> : (37)

where we used the Cauchy-Schwarz inequality in the second inequality. In the third inequality,
we used

lsrle <l Astll + [ Azslz < /I Axow 5 + [ Avix 13
p p
< D AENblel
=1

i=1
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to bound the first factor of the first and second term, and Egs. (35) and (36) to bound the
sums over P;. Inserting Eq. (37) into Eq. (33) finally gives:

oo lAulE < >0 lAullE+ (2+\/_ (ZHCHF> > Al

(I,J)EPL 11 (I1,J)ePy, (I,))eP;,

+ 2 VR (Z I HF)

(2 + \/_
= > ALz + 22 1Ci1%

(I,J)eP;,

243 2off(A®) 3 — 2off (AD) |2 + 257 | Cill2
< (T) (w_2>( ) )

2 o Y12, — 2llo (k+1)Y12 \ 2
_ (z+2¢§> (2 (HOTATE 2o A Y )

o

where we used, in the third inequality, the induction assumption given by Eq. (31):

> ALl < > AUl

(I,J)eP;, (I,D)EQk 1P,

Z 1A 1%

 2off (AD)|[F. — 2[|off (AM)][
5 .

IN

The last equality follows from

2||OE(A(k+1))||F 2[|off (A A®) )z — 22 1Cil|%-

Hence, Eq. (38) shows that the induction assumption holds also for k + 1. O

Theorem 2 states that the quadratic reduction of the off-norm occurs after w(w—2)/2+1 parallel
iterations, at the latest. This is the worst case scenario, for which the number of iterations
required for quadratic convergence is almost the same as that for the serial algorithm. On the
other hand, in the best case scenario, the quadratic convergence occurs after only w—1 steps. In
this case, the number of iterations required for quadratic convergence is w/2 = p times smaller
than that for the serial algorithm.

The identification of a constant § is the same as for serial algorithm. Hence, under assumptions
A1-A3 (or B1-B3) for well-separated singular values (or clusters) made in Section 1, it is

6 =/2d/4 (or 6 = \/2d,/4).
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